UNBOUNDED CRITICAL POINTS FOR A CLASS OF LOWER 
SEMICONTINUOUS FUNCTION ALS 



BENEDETTA PELLACCI AND MARCO SQUASSINA 

Abstract. In this paper we prove existence and multiplicity results of unbounded 
critical points for a general class of weakly lower semicontinuous functionals. We 
will apply a nonsmooth critical point theory developed in 1121 and applied 
in 011 EH] to treat the case of continuous functionals. 



1. Introduction 

In this paper we prove existence and multiplicity results of unbounded critical 
points for a class of weakly lower semicontinuous functionals. Let us consider ft a 
bounded open set in R N (N > 3) and define the functional / : H^(ft) -^1U {+00} 
by 



f( u )= / j(x,u,Vu)- / G(x,u) 
Jn Jn 



where j(x, s, £) : ft x K x R — > R is a measurable function with respect to x for all 
(s, ()£lx R , and of class C 1 with respect to (s, £) for a.e. x € ft. We also assume 
that for almost every x in ft and every s in R 

(1.1) the function {£ 1— > j(x, s,£)} is strictly convex. 

Moreover, we suppose that there exist a constant ao > and a positive increasing 
function a 6 C(R) such that the following hypothesis is satisfied for almost every 
x £ ft and for every (s,g) G R x R N 

(1.2) aold 2 <j(x,s,Z) ^a(\s\M\ 2 . 

The functions j s (x, s, ^) and jg(x, s, ^) denote the derivatives of j(a;, s,^) with respect 
of the variables s and £ respectively. Regarding the function j s (x,s,£), we assume 
that there exist a positive increasing function £ C(R) and a positive constant R 
such that the following conditions are satisfied almost everywhere in ft and for every 
£ G R^ : 

(1.3) |j s (^, S ,e)| </3(N)|£| 2 , for every s in R, 

(1.4) j s {x,s,^)s 0, for every s in R with |s| ^ i?. 
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Let us notice that from 1)1. 1|) and (J1.2|) it follows that j%(x, s,£) satisfies the follo- 
wing growth condition (see Remark 14.11 for more details) 

(1.5) <MN)I£I- 

The function G(x, s) is the primitive with respect to s such that G(x, 0) = of a 
Caratheodory (i.e. measurable with respect to x and continuous with respect to s) 
function g(x, s). We will study two different kinds of problems, according to different 
nonlinearities g(x,s), that have a main common feature. Indeed, in both cases we 
cannot expect to find critical points in L°°(Q). In order to be more precise, let us 
consider a first model example of nonlinearity and suppose that there exists p such 
that 

_n 2N J2N_ 

(1.6) gi(x, s) = o(x)arctgs + \s\ p z s, 2<p<— — -, a(x) G L N + 2 (Q), a{x) > 0. 

Notice that from hypotheses (|1.2j) and ()1.6)) it follows that / is weakly lower semi- 
continuous on Hq{Q). We will also assume that 

(1.7) lim ?PI = 0. 

Condition 1)1.7)1 . together with 1)1. 2|) . allows / to be unbounded from below, so that we 
cannot look for a global minimum. Moreover, notice that g(x, s) is odd with respect to 
s, so that it would be natural to expect - if j(x, —s, — £) = j(x, s, £) - the existence of 
infinitely many solutions as in the semilinear case (see [Q). Unfortunately, we cannot 
apply any of the classical results of critical point theory, because our functional / 
is not of class C 1 on Hq{Q). Indeed, notice that J n j(x,v,Vv) is not differentiable. 
More precisely, since j%(x, s,£) and j s (x,s,£) are not supposed to be bounded with 
respect to s, the terms j^(x,u,Vu) • X7v and j s (x,u,Vu)v may not be L l (Q) even 
if v G C^°(J2). Notice that if j s (x,s,^) and j£(x,s,!;) were supposed to be bounded 
with respect to s, f would be Gateaux derivable for every u in Hq(Q) and along any 
direction v G H%(f2) n L°°(Q) (see 0, 0, 0, d, 1201 for the study of this class 
of functionals). While in this case, for every u G Hq(Q), f'(u)v does not exist even 
along directions v G H^(Q) n L°°(Q). 

In order to deal with the Euler equation of / let us define the following subspace 
of Hlifl) for a fixed u in flj(fi). 

(1.8) W u = {v G flo(^) : j$(a;,M,Vu) • G L 1 (i7), j s (x,u,Vu)t; G L 1 ^)}. 

We will see that W u is dense in Hq(Q), and we give the following definition of a 
generalized solution 

Definition 1.1. Let A G H^ 1 {Q) and assume (|J. ij) . () j.jj)) . ([i.ffl . VFe say i/iai u is a 
generalized solution of 

{ — diy (j^(x,u,Vu)) + j s (x,u,Vu) = A in f2, 
u = on <9i?, 

if u Hq(Q) and it results 

jz(x, u, Vu) • Vu G L 1 (i7), js(x, it, Vu)u G L 1 (J7), 

j^(x,u, Vu) • + / j s (x,u,Vu)v = {A,v) Vd £ W B . 

12 J J? 
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We will prove the following result. 

Theorem 1.2. Assume conditions (f7T7]l . ifOjl . (f"P|) . ( fT^L (fTT^jl . fT"7| ). Moreover, 
suppose that there exist R', 5 > swc/i i/iai 

(i.9) => pj(^,5,e)-i s (x, s ,e)s-j f (x, s ,o-e^5iei 2 

/or a.e. x G Q and for all (s,£) fix I w . T/ien, j/ 

j(x,-s,-£) =j(x,s,0, 
there exists a sequence {uh} C Pq(1?) of generalized solutions of 

{ — div (j^(x, u, Vu)) + j s (x, u, Vu) = gi(x, u) in [2, 
u = on <9i?, 

with f{uh) — > +oo. 

In the nonsymmetric case we consider a different class of nonlinearities g(x,s). A 
simple model example can be the following 
(1.10) 

g 2 (x,s) = d(x)arctg(s 2 ) + \s\ p ~ 2 s, 2<p<— — -, d(x) G L~2({2), d(x) > 0. 
We will prove the following result. 

Theorem 1.3. Assume conditions flTTj) . ifPl . (j"OI) . ( fT^l ), (f77^), (TT^I . (|77777jl . 

T/ien i/iere exists a nontrivial generalized solution of the following problem 



ft 



(P2 



div (j^(x,u,Vu)) + j s (x,u,Vu) = g 2 (x,u) in f2, 
u = on df2, 



Since the functions a(|s|) and (3(\s\) in ()1.2|) and (|1.3() are not supposed to be 
bounded, we are dealing with integrands j(x,s,£), which may be unbounded with 
respect to s. This class of functionals has also been treated in [I] and In these 
papers the existence of a nontrivial solution u € L°°(i?) is proved when g(x,s) = 
\s\ p ~ 2 s. Note that, in this case it is natural to expect solutions in L°°{Q). In order 
to prove the existence result, in [1] and [SJ, a fundamental step is to prove that every 
cluster point of a Palais-Smale sequence belongs to L°°(Q). That is, to prove that 
u is bounded before knowing that it is a solution. Notice that if u is in L°°{Q) 
and v G C^°(i?) then j^(x,u, Vu) • Vv and j s (x,u, Vu)v are in L 1 (i7). Therefore, if 
g(x,s) = \s\ p ~ 2 s, it would be possible to define a solution as a function u G L°°(i?) 
that satisfies the equation associated to (Pi) (or (-P2)) m the distributional sense. 
In our case the function a(x) in (|1.6j) belongs to L 2N ^ N+2 \il), so that we can only 
expect to find solutions in H^fi). In the same way, the function d{x) in (|1.10j) is in 
L N / 2 {Q) and also in this case the solutions are not expected to be in L°°( f2). For 
these reasons, we have given a definition of solution weaker than the distributional 
one and we have considered the subspace W u as the space of the admissible test 
functions. Notice that if u G Hq(Q) is a generalized solution of problem (Pi) (or 
(P2)) and u G L°°(i7), then u is a distributional solution of (Pi) (or (P2)). 
We want to stress that we have considered here particular nonlinearities (i.e. g(x, s) = 
9i,2(x,s)) just to present - in a simple case - the main difficulties we are going to 
tackle. Indeed, Theorems 11.21 and 11.31 will be proved as consequences of two general 
results (Theorems 12.11 and I2.3|) . In order to prove these general results we will use 
an abstract critical point theory for lower semicontinuous functionals developed in 
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jlUl 1121 113j . So, first we will show that the functional / can be studied by means 
of this theory (see Theorem 13. lip . Then, we will give a definition of a Palais-Smale 
sequence {u n } suitable to this situation (Definition 16. 3j) . and we will prove that u n 
is compact in Hq(Q) (Theorems 15.11 and 16 .9 j) . In order to do this we will follow the 
arguments of [HI El EGB E3] where the case in which a(s) and (3(s) are bounded is 
studied. In our case we will have to modify the test functions used in these papers 
in order to prove our compactness result. Indeed, here the main difficulty is to find 
suitable approximations of u n that belong to W Un , in order to choose them as test 
functions. For this reason a large amount of work ( Theorems 14 . 71 I4~%1 14 . 91 and 14 . 1 ( )^ is 
devoted to find possible improvements of the class of allowed test functions. Finally, 
in Section we will prove a summability result concerning the solutions. 

The paper is organized as follows. 
In Section |21 we define our general functional, we set the general problem (Problem 
(fPj) ) that we will study and we state the main existence results that we will prove. 
In Section |3] we recall (from jlUj , |12| and ^3] ) the principal abstract notions and 
results that we will apply. Moreover, we will study the functional J : Hq(Q) — > 



and we will prove (see Theorem 13.11(1 that J satisfies a fundamental condition (con- 
dition (|3.3l0 required in order to apply all the abstract results of Section |31 
In Section ^ we find the conditions under which we can compute the directional deri- 
vatives of J (Proposition ^. 4|) . Then, we will prove a fundamental inequality regarding 
the directional derivatives (Proposition 14. 5|) . Moreover, we will prove some Brezis- 
Browder ([7j) type results (see Theorems 14.71 14.81 14.91 14. 1(J|) . These results will be 
important when determining the class of admissible test functions for Problem (|P|) . 
In particular, in Theorem 14.91 and 14. 1UI we study the conditions under which we can 
give a distributional interpretation of Problem j|P)) . 

In Section El we will prove a compactness result for J (Theorem I5.1JI . This Theorem 
will be used to prove that / satisfies our generalized Palais-Smale condition. 
In Section El we will give the proofs of our general results I2TTI and l2~3l . Then, we will 
prove Theorems 11.21 and 11.31 

Finally, in Section[7|we will prove a summability result (Theorem l7.1|) for a generalized 
solution in dependence of the summability of the function g(x, s). 



Let us consider 17 a bounded open set in R N (N ^ 3). Throughout the paper, we 

will denote by || • || • Hi^ and || • 1 1 1,2 the standard norms of the spaces L p (f2), 

Hl{fi) and H~ l {Q) respectively. 

Let us define the functional J : Hq{Q) — ► 1U {+00} by 



where j(x,s,^) satisfies hypotheses (|l.l(l . (|1.2|) . (|1.3|) . (|1.4|) . We will prove existence 
and multiplicity results of generalized solutions (see Definition II. 1|) of the problem 



E U {+00} defined by 



J(v) 




2. General Setting and Main Results 



(2.1) 
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In order to do this, we will use variational methods, so that we will study the fun- 
ctional / : -^RU {+00} defined by 

f{v) = J(v)- [ G(x,v), 

JQ 

where G(x,s) = J Q S g(x,t)dt is the primitive of the Caratheodory function g(x,s). 

In order to state our multiplicity result let us suppose that g(x, s) satisfies the 
following conditions. 

2N 

Assume that for every e > there exists a £ G L N + 2 (i?) such that 

JV+2 

(2.2) \9(x,s)\ < a £ (x) +e\s\"-* 

for a.e. x G Q and every s G R. Moreover, there exist p > 2 and functions 

2iV 

a (x),a{x) G L l {Q), b (x), b{x) G L^w{Q) and k(x) G L°°(f2) with k(x) > 
almost everywhere, such that 

(2.3) pG(x, s) ^ g(x, s)s + a (x) + 6o(a;)|s|, 

(2.4) G(x, s) ^ k(x)\s\ p - a(x) - b(x)\s\, 

for a.e. x G fl and every s£l (the constant p is the same of the one in (|1.9j) ). 
In this case we will prove the following result. 

Theorem 2.1. Assume conditions fT!]) . g3> , CT) , Q, 03, (HH), (Q, 

JO)- Moreover, let 



(2.5) j(x,-s,-£) = g(x,-s) = -g(x,s), 

for a.e. x £ Q and every (s,£) G MxM^. T/ien i/iere exists a sequence {u^} C Hq{Q) 
of generalized solutions of problem |Pj) with f(uh) — > +00. 

Remark 2.2. In i/ie classical results of critical point theory different conditions from 
112.2]) . \2.3\) and \2.4\) are usually supposed. Indeed, as a growth condition on g(x, s) 
it is assumed that 

1 2N 2jv 

(2.6) \g(x,s)\ ^a(x) + b\s\ a - 1 , 2 < a < ^— -, b G M + , a[x) G L^+z(f2). 

Note that \2. 6]) implies h2.2\) . Indeed, suppose that g(x, s) satisfies \2. 6\) . then Young 
inequality implies that 112.2]) is satisfied with a e (x) = a(x) + C(b,e). 
Moreover, as a superlinear condition it is usually assumed that there exist p > 2 and 
R > such that 

(2.7) < pG(x, s) ^ g(x, s)s, for every s, with \s ^ R. 

Note that this condition is stronger than conditions \2.3\) . \2.J$ . Indeed, suppose that 
g(x,s) satisfies \2. 7| ) and notice that this implies that there exists ao G L 1 (17) such 
that 

pG(x, s) ^ g(x, s)s + ao(x), for every s in ~R. 

Then \2.3\) is satisfied with b${x) = 0. Moreover, from \2. 7| ) we deduce that there 
exists a(x) G L 1 (i7) such that 

G(x, s) > — min{C7(a;, R),G{x, -R), l}\s\ p - a(x). 
RP 

then also \2.4\) is satisfied. 
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In order to state our existence result in the nonsymmetric case, assume that the 
function g satisfies the following condition 

(2.8) \g(x,s)\^a 1 (x)\s\+b\s\ (7 - 1 , 

2_/V n 
2<o-<^— ^ ai(aj) G L~z(Q), b G M+. 

We will prove the following result. 

Theorem 2.3. Assume conditions ifTTJl . ifOj) . (fT^t . fT^l ), f777| ), ifTT^I . pHjl . PH ), 
POj) . Moreover, let 

(2.9) iim^lil = o a.e. in 12. 

T/ien i/iere exists a nontrivial generalized solution of the problem ifFj) . 

/n addition, there exist e > suc/z i/ia£ /or every A £ H~ 1 (f2) with ||A||_i 2 < £ i^e 

problem 



(Pa) 



\ — di\ (j^(x,u,Vu)) + j s (x,u,Vu) = g(x,u) + A in fl, 
I u = on 942, 

/ias a£ /easi two generalized solutions ui,U2 with f(ui) ^ < f(u2)- 

Remark 2.4. Notice that, in order to have g(x, v)v G L 1 (47) for every v G Hq (17), the 

N 

function ai(x) has to be in L~(fl). Nevertheless, also in this case we cannot expect to 
find bounded solution of problem |7£J). The situation is even worse in problem \P\\ l, 
indeed in this case we can only expect to find solutions that belong to Hq (L?)ndom(J). 

Remark 2.5. Notice that condition H2.8\) implies \2.2\) . Indeed, suppose that g(x,s) 
satisfies i2.8\) . Then Young inequality implies that for every e > we have 

N+2 Af+2 

\g(x,s)\ sC (3{e){ ai {x)) 4 + £ \s\ + 7 (e, b), 
where (3(e) and j(e,b) are positive constants depending on e, b. Now, since a\(x) G 

N 

L~2(fi), it results 

/ JV+2 \ 2JV 

a £ (x) := (j3(e)( ai (x))— +7M)) G L^(f2), 

so JOJ) holds. 



3. Abstract results of critical point theory 

In this section we will recall the principal abstract notions and results that we 
will use in the sequel. We refer to [HI], 02] and JB], where this abstract theory is 
developed. 

Moreover, we will prove that our functional / satisfies a fundamental condition 
(see condition (j3.3j) and Theorem 13. 11 j) requested to apply the abstract results. 

Let X be a metric space and let / : X — > E U {+00} be a lower semicontinuous 
function. We set 

dom(/) = {u G X : f(u) < +00} , epi (/) = {(«, rj) € X X R : f{u) ^ r,} . 
The set epi (/) is endowed with the metric 

d((u,r)),(v,n)) = (d(u,v) 2 + fi) 2 ) 1/2 . 
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Let us define the function Qf : epi (/) — ► R by 



(3.1) g f (u,r)) :=rj. 

Note that Qf is Lipschitz continuous of constant 1. 

From now on we denote with B(u, 5) the open ball of center u and of radius 5. 

Let us recall the definition of the weak slope for a continuous function introduced in 

union Emm- 

Definition 3.1. Let X be a complete metric space, g : X — > R be a continuous 
function, and u £ X. We denote by \dg\(u) the supremum of the real numbers a in 
[0, +oo) such that there exist 5 > and a continuous map 

H : B(u,5) x [0,5] -+X, 

such that, for every v in B(u, 5), and for every t in [0, 6] it results 

d(H(v,t),v) < t, 
g(H(v,t)) ^ g(v) - at. 

The extended real number \dg\(u) is called the weak slope of g at u. 

According to the previous definition, for every lower semicontinuous function / 
we can consider the metric space epi (/) so that the weak slope of Qf is well defined. 
Therefore, we can define the weak slope of a lower semicontinuous function / by using 
\dQf\{u, f(u)). More precisely, we have the following definition. 



Definition 3.2. For every u £ dom(/) let 

| _\dg f \(uj( u )) 

\df\(u 



if\dg f \(uj(u))<i, 



^i-\dg f \{u,f(u)Y 

+oo if\dg f \(u,f(u)) = i. 

The previous notions allow us to give the following definitions. 

Definition 3.3. Let X be a complete metric space and f : X — > R U {+00} a lower 
semicontinuous function. We say that u £ dom(/) is a (lower) critical point of f if 
\df\{u) = 0. We say that c £ R is a (lower) critical value of f if there exists a (lower) 
critical point u G dom(/) of f with f(u) = c. 

Definition 3.4. Let X be a complete metric space, f : X — > R U {+00} a lower 
semicontinuous function and let c G R. We say that f satisfies the Palais-Smale 
condition at level c ({PS) C in short), if every sequence {u n } in dom(/) such that 

\df\(u n ) -0, 

/On) -> C, 
admits a subsequence {u nk } converging in X. 

For every r\ £ R, let us define the set 
(3.2) f = {u € X : /(«) < rj}. 

The following result gives a criterion to obtain a lower estimate of \df\(u). For the 
proof see ^2] • 
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Proposition 3.5. Let f : X — > RU{+oo} be a lower semicontinuous function defined 
on a complete metric space, and let u E dom(/) . Let us assume that there exist 5 > 0, 
7] > f(u), a > and a continuous function H : B(u,8) Pi f 11 x [0,5] — > X suc/i t/iai 

d(H{v,t),v) <t, Vt)£%5)nf, 

f(H(v,t))^f(v)-at, VveB(u,S)nfi. 

Then \df\(u) ^ cr. 

We will also use the notion of equivariant weak slope (see 0). 

Definition 3.6. Lei X be a normed linear space and f : X — > R U {+00} an even 
lower semicontinuous function with /(0) < +00. For every (0, 77) E epi (/) we denote 
with \d%, 2 Qf\(0,r]) the supremum of the numbers a E [0, 00) snc/i i/iai i/iere exisi 5 > 
and a continuous map 

H = (Hi, H 2 ) : (5((0, 77), ,5) n epi (/)) x [0, 5] -> epi (/) 

satisfying 

d(H((w, n),t), (w, n)) < t, H 2 ((w, /i)> *) < V — at, 
Hx((-w,n),t) = -Hi{{w,n),t), 
for every (w, /x) E -B((0, 77), 0") D epi (/) and i E [0, 0"]. 

In order to compute |d£/f|(n, 77) it will be useful the following result (for the proof 
see PU). 

Proposition 3.7. Let X be a normed linear space, J : X — > R U {+00} a lower 
semicontinuous functional, L : X — > R a C 1 functional and let f = J + 7 . T/ien i/te 
following facts hold: 

(a) /or every (n, 77) E epi(/) we /lave 

|d0/|(u,T/-) = 1 |dSj|(u,7?-/(n)) = l; 

(b) i/ J arid / are even, /or every 7/^/(0) we /iaue 

1^^/1(0,77) = 1 ^(^(0,77- 7(0)) = 1; 

(c) if u £ dom(/) and d'(n) = 0, i/ien 

|d/|(n) = |dJ|(n). 

Proof. Assertions (a) and (c) follow by arguing as in ^2]. Assertion (6) can be reduced 
to (a) after observing that, since I is even, it results d'(0) = 0. □ 

In |10|I12| variational methods for lower semicontinuous functionals are developed. 
Moreover, it is shown that the following condition is fundamental in order to apply 
this abstract theory to the study of lower semicontinuous functions. 

(3.3) V(n,77) Eepi(/) : /(«) < 77 =}► \dG f \{u, 77) = 1. 

In the next section we will prove that our functional / satisfies 1)3.3(1 . 

The next result gives a criterion to verify condition ()3.3() . 

Theorem 3.8. Let (14,77) E epi(/) with f(u) < 77. Assume that for every g > there 
exist 5 > and a continuous map 

H:{we B(u, 5) : f{w) < 77 + 5} x [0, 6] -» X 
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satisfying 

d(H(w, t),w) < gt, f(H(w, t)) < (1 - t)f(w) + t(f(u) + g) 

whenever w E B(u, 5), f(w) < rj + 6 and t G [0, 5}. 

Then we have \dQf\(u, rj) = 1. If moreover X is a normed space, f is even, u = 
and TL{—w,t) = —H.(w,t), then we have \d% 2 Gf\(0, rj) = 1 

Proof. See Q31 Corollary 2.11]. □ 

Let us now recall from |10| the following existence result. 

Theorem 3.9. Let X be a complete metric space, f : X — > R U {+00} a lower 
semicontinuous function satisfying (jff.ffl . 

First, suppose that there exist w £ X , n > and r > such that 

(3.4) f(u)>r], V« Si, ||u||=r, 

(3.5) f( w ) < Vi \\ w \\ > r - 
In this case we set 

T = {7 : [0, 1] — ► X, continuous 7(0) = 0, 7(1) = w} . 

Finally, suppose that f satisfies the Palais-Smale condition at the level 

c = inf sup/(7(i)) < +00, 
r [0,1] 

then, there exists a nontrivial critical point u of f such that f(u) = c. 
Now, assume that there exist vq,v\ in X and r > such that 



\\vo\\ < r, \\vi\\ > r, inf f(B r (Q)) > —00, and 

hif {/(«) : u G X, \\u\\ = r} > max {f{v ), f(vi)}. 

Let 

r = 1 7 : [0, 1] D(f) continuous with 7(0) = Uo,7(l) = «i| 

and assume that r 7^ and t/iaf / satisfies the Palais-Smale condition at the two 
levels 

c\ = inf f(B r (0)), C2 = inf sup(/ o 7) < +00. 

T er [0,1] 

Then c\ < C2 and there exist at least two critical points u±,U2 of f such that f(ui) = Ci 
for every i = 1,2. 

Proof. The existence of u\ follows by Ekeland Variational Principle, while U2 can be 
found by applying jlUl Theorem 4.5]. □ 

In the equivariant case we apply the following existence result (see jit )1 117j ) . 

Theorem 3.10. Let X be a Banach space and let f : X — > RU {+00} an even lower 
semicontinuous function. Let us assume that 

(a) there exist p > 0, 7 > /(0) and a subspace V C X of finite codimension such that 

Vn G V : ||n|| = p ==> /(u) 7 ; 
(6) /or every finite dimensional subspace W C X , there exists R > suc/i i/iai 

Vn G W : ||n|| ^ R ^ f(u) ^ /(0) ; 
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(c) / satisfies (PS) C for any c ^ 7 and f satisfies Qff.ffl : 
(0?) it results \dz 2 G f\(0,rj) ^ for every r\ > /(0). 
T/ien f/iere exists a sequence {uh} of critical points of f with 

lim f(u h ) = +00 . 

Now, let us set X = Hq(Q) and consider the functional J : Hq{Q) -^1U {+00} 
defined in (|2.1|) . From hypothesis (|1.2|) we obtain that J is lower semicontinuous. 
We will prove that J satisfies (J3.3JI . In order to do this, it will be useful the following 
function. For k ^ 1, let T k : R — > M be the truncation at height /c, defined by 

(3.6) 7fc(s) = s if |s| ^ k, T k (s) = A;— if \s\ ^ fc. 

|s| 

We will prove the following result. 

Theorem 3.11. Assume conditions (1 1. if) . ( |i.^| ). Then, for every (u,rj) £ 

epi(J) with J{u) < i] it results 

\dgj\(u,r,) = l. 

Moreover, if j(x, —s, —£,) = j(x,s,S t ), Vr/ > J(0)(= 0) it results \dz 2 Gj\(0, rj) = 1. 

Proof. Let (u, 77) £ epi (J) with J(u) < 77 and let g > 0. Then, there exists (5 G (0, 1], 
5 = 5(g) and k ^ 1, k = k{g) such that k ^ R (R is defined in (11.4(1 ) and 

(3.7) HTfc (-u) — v\\i t 2 < g, for every v £ B(u,5) 
From (|1.2|) we have 

j(x,v,VT k (v)) a(k)\Vv\ 2 . 
Then, up to reducing 5, we get that the following inequalities hold 

(3.8) / j(x,v, VT k (v)) < / j(x,u,VT k (u)) + g ^ / j(x,u,Vu) + g, 

JQ JQ JQ 

for every v £ B(u,5). Now, let us prove that the following inequality is satisfied for 
every t £ [0, 5] and for every v £ B(u, 5) 

(3.9) J((l - t)v + tT k (v)) < (1 - t)J(v) + t(J(u) + g). 

Since j(x,s,^) is of class C 1 with respect to the variable s and from (jl.lj) we obtain 
that there exists 9 £ [0, 1] such that 

j(x, (1 - t)v + tT k (v), (1 - t)Vv + tVT*(i;)) - j(x, v, Vv) = 

= j(x, (1 - t)v + tT k (v), (1 - t)Vv + tVT k (v)) - j(x, v, (1 - t)Vv + tVT k (v)) 

+ j(x, v, (1 - t)Vu + tVr fc (t;)) - u, V«) 

^ y a (x,v + 0t(T fc (t;) - u), (1 - t)Vu + tVT k {v))(T k (v) - v) 

+ t(j(x,v,VT k (v)) - j(x,v,Vv)) . 

Notice that 

v (x) ^ k u(ar) + 6t(r fc (u(o;)) - ^k^R, 
v ( x ) ^ -fc =>• «(aj) + 9t(T k (v(x)) - v{x)) < -Jfe ^ -i?. 
Then, in view of (|1.4|) one has 

j s (x, v + 0t(T fc (t;) - u), (1 - i)V« + *VT fc (u))(T fc (t;) - v) ^ 0, 
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whence 

j{x, (1 - t)v + tT k (v), (1 - t)Vv + tVT k {v)) < (1 - t)j(x, v, Vv) + tj(x, v, VT k {v)). 
Therefore from (|3,8|) one gets ()3.9() . In order to apply Theorem 13.81 we define 
H : {v £ B{u, 5) : J(v) < n + 5} x [0, 6} -»■ H^{f2) 

by setting 

H(v,t) = (l-t)v + tT k (v). 

Then, taking into account 1)3.7(1 and 1)3.9(1 . it results 

d(H(v, t), v) < gi, J(W(u, t)) < (1 - *) J(i>) + t( J(«) + q) 

whenever v 6 B(u,5), J(v) < rj + 5 and i G [0,5]. The first assertion now follows 
from Theorem 13.81 Finally, since H(—v,t) = Tt(v,t) one also has \d% 2 Gj\(0,r]) = 1, 
whenever j(x, —s, — £) = s, £)• □ 

4. The variational setting 

This section regards the relations between \dJ\(u) and the derivative of the func- 
tional J. Moreover, we will prove some Brezis-Browder (see [7j) type results. 
First of all let us make some remarks. 

Remark 4.1. It is readily seen that hypothesis 1)7.7(1 and the right inequality of 1)1-2(1 
imply that there exists a positive increasing function a(\s\) such that 

(4-i) \M^^0\ 

for a.e. x £ and every (s,£) Elx R . Indeed, from Q7.7(l one /ias 

V«eR W : H<1 j(x,s,£+|£|u) >j(x,s,0+^(^s»0-w|^l- 

77ns, and JTSJ) yieW 

j ? (x, S ,0^|eK4a(| S |)|e| 2 - 
From the arbitrariness of v 1)4.1(1 follows. On the other hand, if 1)4.1(1 ZioWs we /tawe 

|j(x, s, OK / tO- CI* < ia(|a|)|e| 2 . 

5o that j(x,s,£) satisfies a growth condition equivalent to fl^.ip . For i/iese reasons 
it is not restrictive to suppose that the functions in the right hand side of (j 7. ,2(1 and 
0^.7| ) are i/ie same. Note that, in particular, j^(x,s,0) = 0. 

Remark 4.2. Notice that it is not restrictive to suppose that the functions a(s) and 
/3(s) are increasing. Indeed, if this is not the case we can consider the functions 

M\*\) = supa(M), B r (\s\) = supy3(| S |), 
which are increasing. 

Remark 4.3. Let us point out that the assumption of strict convexity on the function 
{£ — * j{ x i s i 0} implies that for almost every x in fl and for every s in R, we have: 

(4.2) \jz(x, s, - j £ (x, s, e )] ■ (e - O > 0, 

for every £, £* S R^, with £ ^ £*. Moreover, hypotheses 1)7. 7|) and () 7.^(1 imply that, 

(4.3) j ? (x,s,o-^«oiei 2 - 
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Indeed, we have 

= j(x, s, 0) ^ j(x, s, + jz(x, s, • (0 - 0, 
then by hypothesis (ji.ijj) we get 

Now, let us set for every u G Hq{Q) the subspace 

(4.4) V u = {v G £#(rt) n : u G L°°({x G : / 0})} . 

As proved in [TI|, 14 is a vector space dense in H^{Q). Since 14 C W u , also W u 
(see the Introduction) is dense in Hq(Q). In the following proposition we study the 
conditions under which we can compute the directional derivative of J. 

Proposition 4.4. Assume conditions (j i.ijjl . ([i.ffi . <\1.5^ . Then there exists J'(u)(v) 
for every u G dom(J) ; v G V u and one has j s (x,u,Vu)v G L l {f2), j^(x,u,Vu) ■ Vv G 
L 1 ^) and 

J'(u)(v) = / j^(x, u, Vu) • Vv + / j s (», u, Vu)v. 

Jfl J Q 

Proof. Let u G dom(J) and v G 14. For every i £ 1 and a.e. x G fl, we set 

F(x, t) = '"(f) + tv(x),Vu(x) + iVu(x)). 
Since v G 14 and by using (|1.2jl . it follows that F[x,t) G L 1 (/7). Moreover, it results 
dF 

— — (x, t) = j s (x, u + tv, Vu + tVv)v + jp(x, u + tv, Vu + tVv) ■ Vv. 
ot 

From hypotheses (jl.3|) and (jl.5|) we get that for every x G 17 with u (x) 7^ 0, it results 

«S ||«||ooj9(||«||oo + ||«IU)(|V«| + |Vt;|) 2 

+ ||u||oo)(|Vu| + |Vv|)|Vv| . 

Since the function in the right hand side of the previous inequality is in L l (Q), the 
assertion follows. □ 

In the sequel we will often use the function H G C°°(M) given by 

(4.5) H(s) = 1, on [-1,1], H(s) = 0, outside [-2,2] and \H'(s)\ < 2. 
Now we can prove a fundamental inequality regarding \dJ\(u). 
Proposition 4.5. Assume conditions Qi.liJI . (1 1.5\\ . Then we have 

\d{J-w)\{u) > 



dF, . 



v) : v G V u , \\v\\io ^ 1 



^ sup < / j$(x, u, Vu) ■ Vv + / j s (x, u, Vu)v — (w, 
[Jn Jn 

for every u G dom(J) and every w G -ff~ 1 (l7). 
Proof. If it results |d(J — w)\(u) = +00, or if it holds 

SU P^ / j$(x,u,Vu) -Vv + / j s (x,u,Vu)v - (w,v) : v G V u , ||v||i i2 < 1 > = 0, 
Un Jn ) 

the inequality holds. Otherwise, let u G dom( J) and let rj G M + be such that J(u) < rj. 
Since we want to apply Proposition ^. 51 let us consider J 11 defined in (|3.2|) . Moreover, 
let us consider a > and v G 14 such that 1 1 U| 1 1,2 ^ 1 and 

(4.6) / j^(a;, u, Vu) ■ Vv + / j s (x,u,Vu)v — (w,v) < —a. 

Jn Jn 
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Let us fix e > and let us prove that there exists ko G N such that 



(4.7) 
(4.8) 



Hi — )v 

k 



< 1 + e, 



1.2 



n 



j s (x,u,Vu)H 



+ / n *(,,^V«).v(ff(i).) 



u 



w,H ( — J v ) < —a. 



Let us set Vk = H f|) v, where H(s) is defined in (|4.5j) . Since u e 7 U we deduce that 
Vk £ Vu for every A; ^ 1 and converges to v in Hq{Q). This, together with the fact 
that 1 1 tJ| 1 1.2 ^ 1 implies (|4.7|) . Moreover, Proposition 14.41 implies that we can consider 
J'(u)(ffc). In addition, we have, as k tends to infinity 

j s (x, u(x), Vu(x))vk(x) — > j s (x, u(x), Vu{x))v{x), a.e. in f2, 

j^(x,u(x),Vu(x)) • V-Ufc(x) ->j^(x,ii(a;),Vii(a;)) • Vv(x), a.e. in i?. 

Moreover, we get 

j s (x,u,Vu)H 



^ \j s (x,u,Vu)v\ 



\j^{x, u, Vti)Vn/c| ^ | j^(x, u, Vu)| | Vi>| + 2\v\ \j^(x, u, Vu) ■ Vu\ 

Since U £ and by using (|1.3f) and (|1.5() . we can apply Lebesgue Dominated Con- 
vergence Theorem to obtain 



lim 



a 



j s (x,u,Vu)u k 



a 



j s (x,u,Vu)v , 



lim / j^(x, u, Vu) • Vufc = / j^(x, u, Vu) ■ Vv, 

k^r + COjQ J Q 

which, together with (|4.6|) . implies ()4.8() . Let us now show that there exists 5\ > 
such that 



(4.9) 
(4.10) 



H\ — \ v 



< 1 + E, 



/ oie (,,,,V,).v(j7(i) 
+ Jj s (x,z,Vz)H v 



w,H [ — } v ) < -a, 

ko. 



for every z S -B(tt, <5i) n J* 7 . Indeed, take u n G J 77 such that u n — > u in Hq{Q) and set 



We have that v r , 



H 



in i?o(^), so that (|43|) follows from (|4~7|) . Moreover, 
note that v n € lu n > so that from Proposition 14.41 we deduce that we can consider 
J'{u n )(v n ). From (fO|) and l(T31) it follows 



\j s (x,u n , Vu n )v n \ < /3(2fe )||u| 



\jt(x,u n , Vu n ) -Vv n \ ^ a(2/c )|Vu n | 



ko 



Wu 

oo | v ""a | i 



I oo | Vu n | 



IVUI 
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Then 

f „ s f , „ WT / tl \ _ 



ton f^.V^/^.Wf) 
n ^+°°Jn Jq \koJ 

lim / jt(x,u n , Vu n ) ■ Vv n = / jc (x,u, Vu) • V 
^+< x >Jn J« 



// if I- 



which, together with (|4,8|) . implies (|4.10|) . Now, observe that ()4.1U|) is equivalent to 
say that J'(z) (H (|) v) — (w,H (f) U) < — cf. Thus, there exists 5 < 61 with 

(4.11) J (, + ^ (±) ,) - JW - <„, ^ff (|)">< -i^*, 

for every t G [0, <5] and z G 5) Pi J 77 . Finally, let us define the continuous function 
H : B(u, 5) n J TI x [0, 5} -► by 

H(z,t) = z + -T-—H (f 
1 + e V fe 

From (|4.9|) and (|4.11|) we deduce that 7i satisfies all the hypotheses of Proposition 
13.51 Then, \dJ\(u) > and the conclusion follows from the arbitrariness of e. □ 

The next Lemma will be useful in proving two Brezis-Browder (see [7]) type results 
for J. 



Lemma 4.6. Assume conditions IjLijl . @U| , p.^| | and Zei it G dom(J). TYt 



(4.12) / jz(x,u, Vu) • Vu + / j s (x,u, Vu)u ^ |dJ|(u)||u||i i2 . 

In particular, if \dJ\(u) < +00 it results 

j^(x,u,Vu) -Vu £ L l (f2), j s (x,u,Vu)u G L l (Q). 
Proof. First, notice that if u is such that \dJ\(u) = +00, or 

/ j((x, u, Vu) ■ Vu + / j s (x,u, Vu)u ^ 0, 

./ft Vft 

then the conclusion holds. Otherwise, let us consider k ^ 1, u G dom(J) with 
|dJ|(u) < +00, and cr > such that 



/ j^(x,u,Vu) -VT k (u) + j s (x,u,Vu)T k (u) > a\\T k (u) 
Jq Jq 



1,2) 



where T&(s) is defined in (|3.6|) . We will prove that \dJ\(u) ^ a. 

Let us fix e > 0, we first want to show that there exists 5\ > such that 

(4-13) [|r fc («;)|| li2 <(l + e )||T fc («)|| li2 



(4.14) / j^x,w,Vw)-VT k (w) + [ j s (x,w,Vw)T k (w) > a\\T k (u)\\ lt2 . 

Jq Jq 

for every w G Hq(Q) with \\w — it||i,2 < <5i- 

Indeed, take w; n G Hq(Q) such that u> n — ► it in Hq{Q). Then, (|4.13j) follows directly. 
Moreover, notice that from Ql.Hjl and (|1.4|) it follows 

j s (x,w n (x),Vw n (x))w n (x) > -i?/3(i?)|Vw n (x)| 2 . 
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Since w n — > u in Hq(S1), from (|4.3() and by applying Fatou Lemma we get 

liminN / je(x, w n , Vw n ) ■ VT k (w n ) + / j s (x,w n ,Vw n )T k (w n ) 
n ^°° [Jn Jn 



jt(x,u,Vu) •VTfe(it) + / j s (x,u,Vu)T k (u) > a\\T k (u)\\ h2 . 



Thus, Q4.14JI holds. Let us now consider the continuous function Ti : B(u,5\) x 
[0,£i] -> defined by 

t) = w - ,. , * . T fc (u;). 

||-?Jfe(«)||i,2(l +£J 



Prom 1)4. 13|) and 1)4.14(1 we deduce that there exists S < 8± such that 

d(H(w,t),w) < t 

J(H(w,t))-J(w)^-j^ 

for every t G [0, <5] and w G Hq{£2) with — ii||i,2 < <5 and J(u>) < J(n) + 5. Then, 
the arbitrariness of e yields |dJ|(it) ^ a. Therefore, for every t^lwe get 



Q 



j s (x,u,Vu)T k (u) + / j^(x,u,Vu) ■ VTfc(u) < |dJ|(u)||T fc (n)||i i2 . 



Taking the limit as k 



-oo, by the Monotone Convergence Theorem one obtains 

□ 



Notice that a generalized solution u (see definition 11.1(1 is not, in general, a dis- 
tributional solution. This, because a test function v G W u may not belong to Cg°. 
Thus, it is natural to study the conditions under which it is possible to enlarge the 
class of admissible test functions. This kind of argument was introduced in [Jj. 
More precisely, suppose we have a function u G H^{Q) such that 

(4.15) 



n 



j^(x,u,Vu) ■ V z + / j s (x,u,Vu)z = (w, z) Vz G V u , 



n 



where V u is defined in 1)4.4(1 and w G H^ 1 {Q). A natural question is whether or not 
we can take as test function v G Hq (12) n L°°(l2). The next result gives an answer to 
this question. 

Theorem 4.7. Assume that conditions jj) . IJi.ffi /io/d. Zei u; G id _1 (l?) and 

u G Hq(Q) that satisfies H4-15f) - Moreover, suppose that j^(x,u,Vu) ■ Vu G L l (Q) 
and there exist v G Hq{Q) n L°°(12) and 77 G L l (fi) smc/i i/iai 

(4.16) js(s, n, Vu)v + (ac, n, Vu) ■ Vv ^ n. 

Then j^(x,u,Vu) ■ Vv + j s (x,u,Vu)v G L l {f2) and 

/ j^(x,u, Vu) ■ Vv + j s (x,u,Vu)v = (w,v). 
Jn Jn 

Proof. Since v G H^(Q) n then ff(f )v G K- From (II~T5l we have 



(4.17) 



j^(x,u,Vu) ■ V 

> 

for every k ^ 1. Note that 

/j Jf (x,n,Vn).V^g)^ 



n 



+ / j s (x,u,Vu)[H (-)v = (w,H[-) v 



u 



2„ 



3 / j(:(x,u,Vu) ■ Vu. 
Jn 
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bmce j£ (x,u, Vu)-Vu G L X {Q) we can use Lebesgue dominated convergence Theorem 
and deduce 



lim / j^(x,u,Vu) ■ VuH 
k ^°° Jn 



k) k ' 



As far as concerns the remaining terms in l|4.17|) . notice that from (|4.16f) it follows 

[j s (x,u, Vu)v + jz(x,u, Vu) • Vv]H ^ H V ^ -if G L 1 ^). 
Thus, we can apply Fatou Lemma and obtain 

j s (x, u, Vu)v + j^{x, u, Vu) ■ Vv ^ (w, v) . 

> 

The previous inequality and (|4,16|) imply that 

(4.18) j s (x,u,Vu)v + j^(x,u,Vu) ■ Vv G L x (fi). 
Now, notice that 

[j s (x, u, Vu)v + j^(x, u, Vu) ■ Vv] H ^— ^ ^ \ js(x, u, Vu)v + j^(x, u, Vu) ■ Vv\ . 

From (j4.18f) we deduce that we can use Lebesgue Dominated Convergence Theorem 
to pass to the limit in (|4.17f) and obtain the conclusion. □ 

In the next result we find the conditions under which we can use v G Hq(Q) in 
(|4.15|) . Moreover, we prove, under suitable hypotheses, that if u satisfies (|4.15|) then 
u is a generalized solution (see Definition II .lj) of the corresponding problem. 

Theorem 4.8. Assume that conditions tyl.ty . (J773J), <\1.4l hold. Let w G 

H~ l (Q), and let u G Hq(Q) be such that ( |^. 15\ is satisfied. Moreover, suppose 
that j^{x,u,Vu) ■ Vu G L l (Q), and that there exist v G Hq(Q) and r\ G L l (Q) such 
that 

(4.19) j s (x, u, Vu)v ^ r], j^(x, u, Vu) -Vv^rj. 
Then j s (x,u,Vu)v G L 1 (i7), j^(x,u,Vu) - Vv G L 1 (i7) and 



(4.20) / jg(x, u, Vu) ■ Vv + / j s (x,u,Vu)v = {w,v) . 

Jn Jn 

In particular, it results j s (x,u,Vu)u, j s (x,u,Vu) G L l (Q) and 

j^(x,u,Vu) ■ Vu + / j s {x,u,Vu)u = (w,u), 
n Jn 



moreover, u is a generalized solution of the problem 
(4.21) 

in the sense of Definition M.ll 



div (j%(x, u, Vu)) + j s (x, u, Vu) = w in fi, 
u = on dfi, 
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Proof. Let k ^ 1. For every v E H^(S1), we have that T k (v) E H%(f2) n L°°(J?) and 
— v~ ^ T k {v) ^ then from 1)4.19)1 we get 

(4.22) j s (x,u,Vu)T k (v) > -77- E L 1 (17). 
Moreover, 

(4.23) jf(a;,u,V«) • VT fc (t;) > -[j € (x, u, Vn) • VT t (w)]- ^ -r?~ E L l (Q). 
Then, we can apply Theorem 14.71 and obtain 

(4.24) 



n 



j s (x,u,Vu)T k (v) + / js(x,u, Vu) ■ VT k (v) = (w,T k (v)) 



n 



for every k ^ 1. By using again 1)4. 22|) and 1)4.23)1 and by arguing as in Theorem 14.71 
we obtain 

j s (x, u, Vu)v E L (SI), j'g(x, u, Vu) • Vv E L 1 (i?). 

Thus, we can use Lebesgue Dominated Convergence Theorem to pass to the limit 
in 1)4.24)) and obtain 1)4.20)1 . In particular, by ()1.4j) and 1)4.3)) we can choose v = u. 
Finally, since 



j s (x, u, Vu) = j s (x, u, Vu)x{\ u \<i} + js(x, u, Vu)x{\ u \^i} 



and 



\js(x,u,Vu)x{\ u \^i}\ ^ \js(x,u,V 



u u 



by 1)1.3)1 it results also j s (x,u,Vu) E L 1 (17). Finally, notice that if v € W u we can 
take 7] = j^(x,u,Vu) ■ Vv and rj = j s (x,u,Vu)v, so that 1)4.20)1 is satisfied. Thus, u 
is a generalized solution of Problem 1)4.21)1 . □ 

Notice that the previous result implies that if u E Hq(Q) satisfies 1)4.15)1 and 
j^(x,u,Vu) • Vu E L l (f2), it results that j s (x,u,Vu) E L 1 (17), then j s (x,u,Vu)v E 
L 1 (J7) for every v E Cg° (,!?). While, the term that has not a distributional inter- 
pretation in (|4.15|) is j^(x,u,Vu). In the next result we show that if we multiply 
j%(x, u, Vu) by a suitable sequence of C\ functions, we obtain, passing to the limit, a 
distributional interpretation of 1)4. 15)) . 

Theorem 4.9. Assume conditions I) J. i)l . (ji.,g)) . % ( |i.^D . Lei w E H^ X (Q) and 
u E Hq(Q) such that is satisfied. Let (i?^) 6e a sequence in C^(M) with 

SUp Halloo < +OO SUp Halloo < +OO 

h h 



lim ■dh(s) = 1, 



lim <(fl) = 0. 

re— >+oo 



If j^(x,u,Vu) • Vu E L 1 (i7), i/ie sequence 



div 



4(ii)^(i,n,Vu) 



is strongly convergent in W 1,q (£2) for every 1 < q < jJ¥-r and 



lim 



j— div $h(u)j((x,u,Vu) ^ + j s (x,u,Vu) = w in W 1,9 (12). 
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Proof. Let w = -divF with F G L 2 (Q ,R N ) and v G C~(fl). Then $ h {u)v G K and 
we can take v as test function in (|4.15|) . It results 

/ jt(x,u,Vu)-d h (u)Vv = - j^{x,u, Vu)$' h (u)Vuv - / j s (x,u,Vu)$ h (u)v 
Jn Jn Jn 

+ / F§' h (u)Vuv + / F-d h (u)Vv. 
Jn Jn 

Then u is a solution of the following equation 

-div ti h (u)jz(x,u,Vu) =Ch mV'(n), 

where 



6, 



K ( u ) (k (x,u,Vu) - F)-Vu + $ h (u)j s (x,u,Vu) - div (0 h (u) F) . 



Now, notice that 

"d h {u)F -> F, strongly in L 2 (Q). 

Then, div(t?/ l (w)F) is a convergent sequence in H~ l {Q). Since the embedding of 
H~ l (f!) in W~^ q {Q) is continuous, we get the desired convergence. Moreover, The- 
orem EH1 implies that j s (x, u, Vu) G L 1 (i7). Then the remaining terms in ^ converge 
strongly in L l {Q). Thus, we get the conclusion by observing that the embedding of 
L l {Q) in W' l ' q {Q) is continuous. □ 

Consider the case j(x, s, £) = a(x, s)|£| 2 with a(x, s) measurable with respect to x, 
continuous with respect to s and such that hypotheses (jl.lj) . (|1.2|) . p.fljl . ()1.4j) are 
satisfied. The next result proves-in particular-that if there exists it G Hq(Q) that 
satisfies Q4.15JI and if a(x, u)| Vii| 2 G L 1 (i7), then u satisfies ()4.15|) in the sense of 
distribution. 

Theorem 4.10. Assume conditions (fTTIjl . (fO|) . (fTT^I . (JT^J), fT"7f). Zei w G 

andu G H^{Q) that satisfies %^.15\ . Moreover, suppose that j^(x,u,Vu)-Vu G L l {Q) 
and that 

(4.25) j(x,a,0 =?(x )S , 

Then jg(x,u, Vu) G L 1 (i?) and u is a solution of 

J — div u, Vu)) + j s (x, u, Vu) = u; in f], 

1 u = on <9i2, 

m 2? ; (/?). 

Proof. It is readily seen that, in view of and (|4.25f) . it results 

|£||j C (x,s,£)| < V2jz(x,s,Z)-Z. 
for a.e. x G I?, every s£R and £ G M^. Then 

j f (x,u, Vu)x{\vu\>i} e 

Moreover, we take into account IJ1.7j) . and we observe that (|1.5|) implies that there 
exists a positive constant C such that 

=> \jt(x, s ,0\^M\s\)<c(\sr 2 + i) 
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which by Sobolev embedding implies also that j^(x, u, Vti)x{|Vu|^l} £ L l ( fi). Then 
j(-(x, u, Vu) £ L l {£2). Moreover, from (|1.3j) and (|1.4|) we have 

j s {x,U,Vu)u > j 8 (x,U,Vu)uX{ x: \u(x)\<R} e i 1 ^)- 

Then Theorem 14.81 implies that j s (x,u,Vu)u G L 1 (i7). Finally, Theorem 14,81 yields 
the conclusion. □ 

5. A COMPACTNESS RESULT FOR J 

In this section we will prove the following compactness result for J. We will follow 
an argument similar to the one used in [2j and in |20| . 



Theorem 5.1. Assume conditions l[7T7)l. iflOjL (fO| . fT^l )- Zei {u n } C #q(^) 6e a 
bounded sequence with j^(x,u n ,Vu n ) ■ Vu n G L 1 (17) and /ei {w„} C H~ l (Q) be such 
that 

(5.1) Vu G V Un : / j s (x, u n , V%)ti + u n , V?i n ) ■ Vi; = (w n , u). 

J Q 

If w n is strongly convergent in H~ l (Q), then, up to a subsequence, u n is strongly 
convergent in Hq(Q). 

Proof. Let w be the limit of {w n } and let L > be such that 

(5.2) |K|| li2 < L. 

From (|5,2|) we deduce that there exists u G Hq(Q) such that, up to a subsequence, 

(5.3) u n — u, weakly in i/g( 12). 

S'tep L Let us first prove that u is such that 

(5.4) / jz(x,u,Vu) • W + / j s (x,u,Vu)i/) = (w,i/)), Vi/j G K- 

First of all, notice that from Rellich Compact Embedding Theorem we get that, up 
to a subsequence, 



(5.5) 



u n ^u \nL q {Q) Vqe[l,2N/(N-2)), 

u n (x) — > u(x) a.e. in Q. 



We now want to prove that, up to a subsequence, 

(5.6) Vu n {x) — ► Vk(s) a.e. in i?. 

Let /i ^ 1. For every v G C%°(f2) we have that if (^) v G V Un (where H(s) is defined 
in ljOJl ). then 



/ ^ (x) J ^ x ' n "' V ' Un ' ) ' Vt 



(t 1 ) js(x,u n , Vu n ) + H' (^-) j^(x,u n ,Vu, ' V "" 
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Let w n = — div(F n ), with (F n ) strongly convergent in L 2 (f2,~$l N ). Then it follows 
that 



n 



H> 



j H ill) tt( x i u ni Vu n ) • Vv 



H 



j s (x,u n ,Vu n ) 



I 

J a 



tin 



H(^\F n - Vv. 



Since the square bracket is bounded in L l (Q) and (H (^ff) F n ) is strongly convergent 
in L 2 (f2,M. N ) we can apply Theorem 5] with 



b n (x,0 = H 



Unix) 
h 



j^(x,u n (x),(), E = E h = {x£f2: \u(x)\ < h} 



and deduce (|5.6[) by the arbitrariness of h ^ 1. Notice that by Theorem 14.81 we have 
for every n 



Q 



jt(x,u n , Vu n ) • Vu n + / j s (x,u n ,Vu n )u n = (w n ,u n ). 
> Jq 

Then, in view of (|1.4|) one has 

(5.7) sup / jt(x,u n , Vu n ) • Vu n < +oo. 



Let now k ^ 1, cp € C^°(f2), ip ^ and consider 

'U r , 



(5.8) 

Note that v £ V Un and 



V = lpe -M k (u n +R)+ H f^n 
V k 



P(2k) 
a 



Vv =V V e- M ^ +R ^ + H (^) - M tf e- M '("» +fi ' + V(«„ + R) + H (^) 

+(pe -M k (u n +R)+ H> («tA Vnn_ 



When we take v as test function in ()5.1|) . we obtain 



(5.9) 



+ 



Q 



j s (x, u n , Vu n ) - M k j^(x, u n , Vu n ) • V(u„ + R)~ 



-M k (u n +R)+ H ?n 
\ k 



n 



+ (w n ,cpe- M ^ u " + V + H 



Observe that 

j s (x,u n ,Vu n ) - M k j^x,u n ,\7u n ) ■ X7(u n + R)~ 



(pe ~M k (u n +R)+ H f^n) 



Indeed, the assertion follows from Q1.4|) . for almost every x such that u n (x) sj — R 
while, for almost every x in {x : —R ^ u n (x) ^ 2k} from qi.5|) . ()4.3() and (|5.8|) we 

get 

j s (x,n n ,Vu n ) -M fc j c (x,n n ,Vn n ) • V(u n + #)+] «S (/3(2&) - a M k )\ Vu n \ 2 sC 0. 
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Moreover, from (jl.5|) . (|5.2|1. ()5.5|) and (|5.6|) we have 

j c (z,u„, Vu n )e- M ^ +R ) + H (^) - J^(x,u,Vu)e~ M ^ + H Q 



-M k {u n +R)+ H f jfn 



-M k (u+R)+ H 



as n — > oo. Moreover, we take into account (|5.7j) and deduce that there exists a 
positive constant C > such that 



ft 



j^(x,u n ,Vu n ) ■ ipe 



-M k (u n +R)+ H > (^n\ Y^. 



c 

< — . 

k 



We take the superior limit in (|5.9|) and we apply Fatou Lemma to obtain 

(5.10) J jf(x,«,V«) • e -^(«+«) + F + y i^^u.V^)^^^ (|) 



-Mi 



f jt.{x,u,Vu)-Vu + ve- Mk{u+R)+ H 
J n 



for every ip £ C%°(f2) with <p ^ 0. Then, the previous inequality holds for every 
if E Fq 1 n L°°(/2) with p > 0. We now choose in (|5.10j) the admissible test function 



It results 
(5.11) 

Note that 



/ jt(x,u,Vu) ■ H (^) Vip + / j s {x,u,X7u)H 



u 



j ( {x,u,Vu)-H (£j Vip\ ^ \jz(x,u,Vu)\\Vi/>\, 



j s (x,u,Vu)H 



4> 



^ \j s (x,u, Vu)ip\ . 



Since ip £ V u and from (jl.<3|) and (|1.5j) we deduce that we can pass to the limit in 
(15.111) as k — > +oo, and we obtain 

j^(x,u, Vu) • + / j s (x,u,Vu)^ ^ (w,ip) , Vip e V u , ip ^ 0. 
Jq 



In order to show the opposite inequality, we can take v = ipe~ Mk ^ Un ~ R ^ H (jr) as 
test function in (|5,1|) and we can repeat the same argument as before. Thus, (|5,4j) 
follows. 
Step 2. 

In this step we will prove that u n — > u strongly in Hq{Q). From (|4.3|) . ()5.7|) and 
Fatou Lemma, we have 

^ / j^(x,u,Vu) ■ Vu ^ liminf / j^(x,u n ,Vu n ) ■ Vu n < +oo 
J si n J si 
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so that j^(x,u,Vu) ■ Vu S L 1 (17). Therefore, by Theorem 14.81 we deduce 



(5.12) 



n 



j^(x,u,Vu) ■ Vu + / j s (x,u,Vu)u = (w,v,y 



In order to prove that u n converges to u strongly in Hq{Q) we follow the argument 
of |2Ul Theorem 3.2] and we consider the function £ : R — ► R defined by 



(5.13) 



coo 



(Ms if < s < R, M = 

Mi? if s ^ i?, 

-Ms if - R < s < 0, 

Mi? if s^-R. 



We have that t> n = u n e^ Un ^ belongs to H^(f2), and conditions 1)1 .3j) . (|1.4j) and (|1.5j) 
imply that hypotheses of Theorem l4.8l are satisfied. Then, we deduce that we can use 
v n as test function in (|5.1j) . It results 



jt(x,u n ,Vu n ) • Vu n e^ (Mn) = {w n ,v n ) 



[j s (x, u n , Vu n ) + u n , Vu n ) • Vu n ('(u n )] v n 



n 



jt(x,u,Vu) ■ V[ue<W] + j s (x,u,Vu)ue^ G L 1 ^), 



Note that t/ n converges to ue^ u ' weakly in Hq(Q) and almost everywhere in 17. 
Moreover, conditions 1)1.3)1 . 1)1.4)1 and 1)5.13)1 allow us to apply Fatou Lemma and get 
that 

(5.14) limsup / j/:{x,u n ,Vu n ) ■ Vu n e^ Un) sC {w,ue^ u) ) 

h Jn 

[j s (x,u,Vu) + j ? (x,u,Vu) -Vu('(u)] ue c(u) . 
On the other hand 1)5. 12|) and 1)5.13)1 imply that 

(5.15) 

Therefore, from Theorem 14.81 it results 

(5.16) / jz(x,u,Vu) ■ V(ue c(u) ) + f j s (x, u, Vu)ue^ {u) = (w, ue c{u) ). 

Jn Jn 

Thus, (gm|) and ()5~T6|) imply that 

/ jc(x,u,Vu) ■ Vue c(u) ^ liminf / j s (x, u n , Vm„) • Vu n e c( " n) 
^limsup / jt(x,u n , Vu„) • Vn„e c(Un) < / j € (x, u, Vu) • Vue fW . 
Then 1)4.3)1 implies that u n — ► u strongly in Hq(S1). □ 
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6. Proofs of Theorems 12.11 and 12.31 

In this section we give the definition of a Concrete Palais-Smale sequence, we study 
the relation between a Palais-Smale sequence and a Concrete Palais-Smale sequence, 
and we prove that / satisfies the (PS) C for every cel. Finally, we give the proofs 
of Theorems 12.11 and 12.31 

Let us consider the functional I : Hq(O) — ► R defined by 

I(v) = - [ G(x,v)-(A,v) 



n 

where A G //~ 1 (i7), G(x,s) = g(x,t) dt and g : J? x M ^ M is a Caratheodory 
function satisfying assumption (|2.2|) . 

Then lfO|) implies that the functional / : Hq(Q) -^RU {+oo} defined by f(v) = 
J(v) + I(v) is lower semicontinuous by (|1.2|) , 

In order to apply the abstract theory the following result will be fundamental. 

Theorem 6.1. Assume conditions Iji.ijl . ]1.4l , (jg.ljj) . Then, for every (u,r]) G 

epi(/) with f(u) < r] it results 

\dg f \(u,n) = l. 

Moreover, if j(x,—s,—£) = j(x,s,^), g(x,—s) = —g(x,s) and A = 0, for every 
r] > /(0) one has |cfe 2 £//|(0, 77) = 1. 

Proof. Since G is of class C 1 , Theorem 13 . 1 1 1 and Proposition 13. 71 imply the result. □ 

Furthermore, since GaC 1 functional, as a consequence of Proposition 14.51 one has 
the following result. 

Proposition 6.2. Assume conditions f\l.ty . (j^.iij) . Lei us consider u G 

dom(/) u>z£/i |d/|(ii) < +00. T/ien i/iere existe w G H~ 1 {Q) such that \\w\\-i^ ^ 
and 

G V u : / n, Vn) • + / j s (x,u,Vu)v — / g(x,u)v — (A,v) = (w,v) . 

Jq Jq Jq 

Proof. Given u G dom(/) with |ay|(n) < +00, let 



J(v) = J(v)- g(x, u)v - (A, v) 

J Q 

I(v) = I{v ) + 1 g(x,u)v. 



Q 



Then, since I is of class C 1 with P{u) = 0, by (c) of Proposition 13. 71 we get \df\{u) 
\dJ\{u). By Proposition I4.5( there exists w G H~ l (Q) with ||u;||_i2 ^ \df\{u) and 



G V u : / j$(x,u, Vu) ■ Vv + / j s (x,u,Vu)v - / ^(x, w)u - (A, t>) = (w, i?) 
Jq Jq Jq 

and the assertion is proved. □ 
We can now give the definition of the Concrete Palais-Smale condition. 
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Definition 6.3. Let cEl. We say that {u n } is a Concrete Palais-Smale sequence 
for f at level c ({CPS) C — sequence for short) if there exists w n E H~ 1 {Q) withw n — > 
such that j^(x, u n , Vu n ) ■ Vu n G L 1 {Q) for every n and 

(6.1) /K) - c, 



(6.2) / j^{x,u n , Vu n ) ■ Vv+ / j s (x,u n , Vu n )v - / g(x, u n )v - (A, v) 

Jn Jq Jn 

= (w n ,v), Vk G V Un . 

We say that f satisfies the Concrete Palais-Smale condition at level c ({CPS) C for 
short) if every (CPS) C — sequence for f admits a subsequence strongly convergent in 
Hl{Q). 

Proposition 6.4. Assume conditions (ji.gj) . (jg.gj) . // u G dom(/) sati- 

sfies |d/|(n) = 0, i/ien u is a generalized solution of 

{ — div (j^(x, it, Vn)) + j s (x, u, Vn) = g(x, n) + A in [2, 
n = on <9i2. 

Proof. Combine Lemma l4.6| Proposition 16.21 and Theorem 14.81 □ 

The following result concerns the relation between the (PS) C condition and the 
(CPS) C condition. 

Proposition 6.5. Assume conditions (ji.ljj) . (|1.,5|) . T/ien i/ / satisfies 

the (CPS) C condition, it satisfies the (PS) C condition. 

Proof. Let {u n } C dom(/) that satisfies the Definition 11141 From Lemma 14.61 and 
Proposition 16.21 we get that u n satisfies the conditions in Definition 16. HI Thus, there 
exists a subsequence, which converges in Hq{Q). □ 

We now want to prove that / satisfies the (CPS) C condition at every level c. In 
order to do this, let us consider a (CPS) C — sequence {n n } G dom(/). 
From Theorem 15. II we deduce the following result. 

Proposition 6.6. Assume conditions (fTTj) . (fOj) . {773$, {77J]), ([Ujl . Let {n n } 6e a 
{C P S) c — sequence for f , bounded in Hq(Q). Then {u n } admits a strongly convergent 
subsequence in Hq(Q). 

Proof. Let {u n } C dom(/) be a concrete Palais-Smale sequence for / at level c. 
Taking into account that, as known, by ()2.2|) the map {n i— > g(x,n)} is compact 
from Hq(S7) to H^ 1 {Q), it suffices to apply Theorem l5.1l to see that {n n } is strongly 
compact in Hq(Q). □ 

Proposition 6.7. Assume conditions lfO|) . lfO|) . (J7T3J, ( fTT^l ), (EB, pH^l - <PD|l . 

T/ien every (C P S) c — sequence {u n } for f is bounded in H^Q). 

Proof. Condition (|1.4|) and ()4.3|> allow us to apply Theorem 14.81 to deduce that we 
may choose v = u n as test functions in (|6.2|) . Taking into account conditions (|1.9|) . 
(t2~2l . (EH), dSHJ, the boundedness of {n n } in Hq(^) follows by arguing as in |2UI 
Lemma 4.3]. □ 

Remark 6.8. Notice that we use condition M.y\) only in Proposition \6. 1\ 

Under the assumptions of Theorem 12 . 31 we now have the following result. 



UNBOUNDED CRITICAL POINTS FOR A CLASS OF SEMICONTINUOUS FUNCTIONALS 25 

Theorem 6.9. Assume conditions (f777|). lfP)l . ifTT^I . jTg) >, (fTT^I . PHj) . T/ten 

i/ie functional f satisfies the (PS) C condition at every level c£K. 

Proof. Let {u n } C dom(/) be a concrete Palais-Smale sequence for / at level c. 
From Proposition 16.71 it follows that {u n } is bounded in Hq(Q). By Proposition 16.61 
/ satisfies the Concrete Palais-Smale condition. Finally Proposition 16 . 51 implies that 
/ satisfies the (PS) C condition. □ 

We are now able to prove Theorem 12.11 
Proof of Theorem \2.1\ 

We will prove Theorem 12. II as a consequence of Theorem 13.101 First, note that 1)1.2(1 
and 1)2.2(1 imply that / is lower semicontinuous. Moreover, from 1)2.5(1 we deduce that 
/ is an even functional, and from Theorem 13 . 1 1 1 we deduce that 1)3. 3() and condition 
(d) of Theorem I3.1UI are satisfied. Hypotheses 1)1-7(1 and ()2.4|) imply that condition 
(6) of Theorem l3.1Ul is verified. 

Let now {\h,<Ph) be the sequence of solutions of — Au = Xu with homogeneous 
Dirichlet boundary conditions. Moreover, let us consider V + = span{^ G ifg(4?) : 
h ^ /io} and note that V + has finite codimension. In order to prove (a) of Theorem 
I3.1UI it is enough to show that there exist ho, 7 > such that 

\/u G V + : ||Vtt|| 2 = 1 f(u) > 7. 

First, note that condition 1)2.2(1 implies that for every e > we find 4 1} G C7 c °°(tt) 
and ai 2) G L^iQ) with ||ai 2) ||^iv_ ^ e and 

iV+2 

|g(x,s)| ^ 4 x) (x) +4 2) (x) + e|s|^§. 
Now, let u G y + and notice that there exist ci,C2 > such that 

f{u) > CtQ 

Then if /to is sufficiently large, since — > +00, for all u G V + , ||Vu||2 = 1 implies 
H2IMI2 ^ a o/2- Thus, for e > small enough, ||Vw||2 = 1 implies f(u) ^ 7 for 
some 7 > 0. Then also (a) of Theorem I3.1UI is satisfied. 

Theorem 16.91 implies that / satisfies (PS) C condition at every level c, so that we 
get the existence of a sequence of critical points {uh} C Hq(Q) with f(uh) — > +00. 
Finally, Proposition 16.41 yields the conclusion. □ 

Let us conclude this section by proving Theorem 12.31 
Proof of Theorem \2.'A 

We will prove Theorem 12.31 as a consequence of Theorem 13.91 In order to do this, let 
us notice that from 1)1.2(1 and 1)2.8(1 / is lower semicontinuous on Hq(Q). Moreover, 
Theorem 13. Ill implies that condition ()3.3() is satisfied. From Theorem 16 . 91 we deduce 
that / satisfies {PS) C condition at every level c. It is left to show that / satisfies the 
geometrical assumptions of Theorem ()3.9)) . 



|Vu||l 



|Vu||l 



|Vu||l 



|Vu||l 



G(x, u) 



n 



n 



N-2 
2N 



2N 

-e\u\ N-2 



\\2\\U\\2 — C1 \\ay' II 2JV Vm 2 — EQ2 Vtt L 

JV+2 



II2IMI2 — cie|| Vu|| 2 — ec2||V«||2 



2N 
N-2 



2N 
N-2 
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Let us first consider the case in which A = 0, then we will apply the first part of 
Theorem 13.91 Notice that condition ()1.2j) , (|2.8|) and (|2.9|) imply that there exist r\ 
and r that satisfy l3~H Conditions (|1.2|) and ()2.4|) imply 

(6.3) /(«)< I a(\v\)\Vv\ 2 - [ fe(aj)H P + ||a ||i + Cb||o 1 ||_ajy_||«||i, 2 . 

Jq Jn N + 2 

Now, let us consider W a finite dimensional subspace of Hq(Q) such that W C L°°(Q). 
Condition (|1.7|) implies that for every e > there exists i? > r, w; £ W, with 
1 1 w | |oo > R and a positive constant C e such that 

(6.4) / a(\w\)\Vw\ 2 < eCWIMlia +C e |H|? 2 , 

where CV is a positive constant depending on W. Then (|6.3f) and (|6.4|) yield l|3.5|) . 
by choosing suitably e. Thus, we can apply Theorem 13.91 and deduce the existence 
of a nontrivial critical point u £ Hq(Q). From Proposition 16.41 we get that u is a 
generalized solution of Problem |PJ) . 

Now, let us consider the case in which A ^ 0. As before, we note that ()1.2|) . Q2.8|) and 
Q2.9|) imply that there exists e > such that for every A £ ff _1 (L?) with ||A|| ^ e, it 
results 

f(u) ^ 7, for every u with ||it||i,2 = r. 

Moreover, we use condition (|1.2|) . (|1.7|l and ()2.4j) and we argue as before to deduce the 
existence of v% £ Hq(Q) with > r and /(ui) < 0. Finally, let us consider ipi the 
first eigenfunction of the Laplacian operator with Dirichlet homogeneous boundary 
conditions. We set vo = tQ(fi, with to sufficiently small, so that, thanks to (|1.2|) and 
(|2.8[) . also f(vo) < 0. Then we can apply Theorem 13.91 and we get the existence of 
two critical points u\,U2 £ Hq(Q). Finally, Proposition 16.41 yields the conclusion. □ 

Remark 6.10. Notice that Theorems \1.2i and M.'A are an easy consequence of Theo- 
rems and\*H^ respectively. Indeed, consider for example gi(x,s) = a(x)arctgs + 
|s| p_2 s ; in order to prove Theorem 11. 'A it is left to show that g\(x,s) satisfies con- 
ditions \2."A) . \2. and \2.J$ . First, notice that Young inequality implies that, for 
every e > there exists a positive constant (3(e) such that \2. 2]) holds with a £ (x) = 
(3(e) + a(x). Moreover, \2. ty) is satisfied with ao(x) = and bo(x) = ir/2(p — 1). 
Finally, \2.J$ is verified with k(x) = 1/p, a(x) = and b(x) = (vr/2 + C) a(x) where 
C £ M + is sufficiently large. Theorem M.ift can be obtained as a consequence of Theo- 
rem \2.'i\ in an analogous way. 

7. SlJMM ABILITY RESULTS 
In this section we suppose that g(x, s) satisfies the following growth condition 

JV+2 

(7.1) \g(x,s)\ ^a(x) + b\s\^, a(x) £ L r (Q), b £ R+. 

Note that (j£21> implies ffTTTf) . In this section we will set 2* = 2N/(N - 2). We will 
prove the following theorem. 

Theorem 7.1. Let us assume that conditions <\l-4h *\2.2\ are sa- 

tisfied. Let u £ Hq(Q) be a generalized solution of problem (P). Then the following 
conclusions hold. 

(a) If re (2N/(N + 2), N/2), u belongs to L r **(Q), where r** = Nr/(N - 2r). 

(b) If r > N/2, (where r is defined in (\2.8ty ) u belongs to L°°(i7). 
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Theorem 17. II will be proved as a consequence of the following lemma. 

Lemma 7.2. Let us assume that conditions (ji.jjj) . (jj.^j) . ( | are satisfied. 

Let u G Hq(Q) be a generalized solution of the problem 



(7.2) 



div (j%(x, w, Vu)) + j s (x, it, Vit) + c(x)u = f(x) in f2, 
u = on 9,!?, 



i/ien the following conclusions hold. 

(a') IfceL^(n) andf£L r (f}), with r £ (2N/(N + 2), JV/2), « belongs to L r (S2), 
where r** = Nr/(N — 2r). 

(&') Ifc£ L t {Q) with t > N/2 and f G L q (f2), with q > N/2, u belongs to L°°{Q). 

Proof. Let us first prove conclusion a'). For every k > R (where R is defined in l)l-4|) ). 
let us define the function n k (s) '■ R — » R such that n k £ C 1 , rj k is odd and 



(7.3) 



%(«) 





( a _ i?)27+i 

OfcS + Cfc 



if < s < i?, 
if i? < s < k, 
if s > k, 



where b k and Cfc are constant such that r\ k is C . Since u is a generalized solution 
of l|7.2|) . u = r/fc(u) belongs to W u . Then we can take it as test function, moreover, 
j s (x,u,Vu)r]k(u) ^ 0. Then from (|1.4|) and (j4,3j) we get 



(7.4) a / ??fc(n)|Vu| 2 < / f(x)7] k (u) + / c(x)ur] k (u). 

Jsi JQ Jn 

Now, let us consider the odd function ip k ( s ) '■ R - > R defined by 
(7.5) 



tf fc (t)dt. 



The following properties of the functions t/j k and % can be deduced from (|7.3|) and 
Q7.5JI by easy calculations 



(7.6) 
(7.7) 

(7.8) 



^ rjk(s)s < C ip k (s) 2 , 



27+1 



\m(s)\ < c |#(s)| T+i 



where Co is a positive constant. Notice that for every e > there exist c\{x) G L 2 (J2), 

with ||ci|| jv < e and c 2 G L°°(f2) such that c(x) = ci(x) + c 2 (x). From lf?~4l . ESI), 

2 

(|7.7j) and Holder inequality, we deduce 



ao |V(^fc(n))| 2 ^C \\ Cl (x)U 



n 



n 



+ / \f( x ) + C Q c 2 (x)u\\r] k (u)\. 



n 



We fix e = (ao«S)/(2Co), where 5 is the Sobolev constant. We obtain 



(7.9) 



\f(x) + C c 2 (x)u\\7 lk (u)\. 



<> 



Now, let us define the function 

(7.10) h(x) = \f(x) + C c 2 (x)u(x)\, 



2N 
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and note that h(x) belongs to L'(J?) with 

(7.11) t = min{r,2*}. 

Let us consider first the case in which t = r, then from (|7.8|) and (|7.9|) . we get 



2* 



**C\\h\\, 



I 27+1 



Since 2N/(N + 2) < r < iV/2 we can define 7 G R + by 
r(iV + 2) - 2JV 



(7.12) 



7 



2*( 7 + l) =r'(2 7 + l) 



2(iV - 2r) 

Moreover, since r < N/2 we have that 2/2* > 1/r', then 



(7.13) 



J a 



2 1 
2^-77 



< C\\h\\ r . 



Note that \ipk(u)\ 2 — > C(7)|u — -R| 7+1 X{|«(a;)|>_R} almost everywhere in i7. Then 
Fatou Lemma implies that \u — -R| 7+1 X{|u(»|>.R} belongs to L 2 *(f2). Thus, u belongs 
to L 2 *^ +1 \f2) = I/** {£}) and the conclusion follows. Consider now the case in which 
t = 2* and note that this implies that N > 6. In this case we get 



s\Mu)\ (r) 



1 27+1 
7+1 



p. 



1 

(2*)' 



Since N > 6 it results 2/2* > 1/(2*)'. Moreover, we can choose 7 such that 

2*( 7 + l) = (2*)'(2 7 + l). 

Thus, we follow the same argument as in the previous case and we deduce that u 
belongs to L Sl (Q) where 



2*N 



si 



N -22* 

If it still holds s± < r we can repeat the same argument to gain more summability on 
u. In this way for every s E [2*,r) we can define the increasing sequence 

-9* - NSn 

SO — l , Sn+l — -77 ~ , 

N - 2s n 

and we deduce that there exists n such that Sn-i < r and Sn ^ r. At this step from 
(|7.11j) we get that t = r and then u € U (/?), that is the maximal summability we 
can achieve. 

Now, let us prove conclusion b'). First, note that since / E L q (il), with q > N/2, 
f belongs to L r (Q) for every r > (2N)/(N + 2). Then, conclusion a') implies that 
u e L a ([2) for every a > 1. Now, take 5 > such that t — S > N/2, since u G Ls(fi) 
it results 



/l 



C(X)U[X 



< \\ c ( x ) 



\u (x h 5 



< 00. 



Then, the function d{x) = f(x) — c(x)u(x) belongs to L r (Q) with r = min{g, t — 
5} > N/2. Let us take k > R (R is defined in (|1.4j) ) and consider the function 
v = Gk{u) = u — Tfc(n) (where Tjt(s) is defined in IJM.fij) ). Since n is a generalized 
solution of ()7.2|) we can take v as test function. From (|l,4j) and ()4.3|) it results 



VG fe (u)| 2 ^ / |d(x)||G fc («)|. 



n 
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The conclusion follows from Theorem 4.2 of |21j . □ 

Remark 7.3. In the classical results of this type (see ^E] or [HjJ it is usually used 
as test function v = |it| 27 u. Note that this type of function cannot be used here as 
test function because it does not belong to W u . Moreover, the classical truncation 
T u {) seem not to be useful because of the presence of c(x)u. Then we have chosen a 
suitable truncation of u in order to manage the term c(x)u. 

Now we are able to prove Theorem 17. II 



Proof of Theorem \7.1\ 

Theorem 17.11 will be proved as a consequence of Lemma 17.21 So, consider it a 
generalized solution of Problem (fFJ) , we have to prove that u is a generalized solution 
of Problem 17. 21 for suitable f(x) and c(x). This is shown in Theorem 2.2.5 of t.9], then 
we will give here a sketch of the proof of [5] just for clearness. 
We set 

g (x,s) = mm{max{g(x,s),-a(x)},a(x)}, gi(x,s) =g(x,s) - g (x,s). 

It follows that g(x,s) = go(x,s) + g\(x,s) and |<7o0e>s)| ^ a(x) so that we can set 
f(x) = go(x, u(x)). Moreover, we define 

( gi(x,u(x)) 

I — if u{x) ^ 0, 

c(x) = < u(x) 

{ if u(x) = 0. 

4 N 

Then \c(x)\ ^ b\u(x)\ N - 2 , so that c(x) G L^(fl). Lemma 17.21 implies that conclusion 
a) holds. Now, if r > N/2 we have that f{x) G L r {Q) with r > N/2. Moreover, 
conclusion a) implies that u £ L l (Q) for every t < oo, so that c{x) G with 
t > N/2. Then Lemma O implies that u G L°°(Q). □ 

Remark 7.4. When dealing with quasilinear equations (i.e. j(x,s,£,) = a(x,s)£ ■ £), 
a standard technique, to prove summability results, is to reduce the problem to the 
linear one and to apply the classical result due to [2Tj. Note that here this is not 
possible because of the general form of j^(x, s,£). 
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